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Abstract

This paper deals with the study of linear non-homogeneous ordinary
differential equations with three right-hand sided Liouville derivatives of
fractional order. Using the direct and inverse Mellin transforms and the
residue theory, explicit solutions of the considered equations are established
in terms of the generalized Wright functions, of the generalized hypergeo-
metric functions and of the Euler psi-function. The corresponding results
are deduced for ordinary differential equations of Euler type. Examples are
given.
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1. Introduction

The paper is devoted to the solution in closed form of the linear non-
homogeneous differential equations

6212 (D**2y) () + pa®t (D*Ty) (2) + Aa® (D%y) () = f(z) (x> 0),

(1.1)
with a > 0 and complex 4, u, A € C on a positive half-axis Ry = (0; +00).
Here (D%y)(x) is the right-hand sided Liouville fractional derivative of order
a > 0, defined by [9, (5.8)]:

(DY) (z) = <_jx) I‘(nl o) /x i yg)jtnﬂ (x >0;n=[a]+1),
(1.2)
where I'(n — «) is the Euler gamma function [2, Section 1.1], and [«] is the
integer part of a > 0.

When o = m, m € N is a natural, then in accordance with (1.2),
(D™y)(z) = (=1)"y"™(z) (m €N), (1.3)

and equation (1.1) is reduced to the linear ordinary differential equation of
order m +2 (m € N):

o1 2y () ™y D (1) M2y (2) = f(z) (2> 0), (1.4)

6= (—=1)™6, p1 = (=)™ Mpu, A\ =(=1)™\

This equation is known as the Euler equation, and its solution is re-
duced to solution of the linear ordinary differential equation with constant
coefficients by using the change ¢ = log(x); for example, see [14, 5.2.27].
Therefore we call (1.1) Euler-type fractional diferential equation.

We solve equation (1.1) by applying the one-dimensional direct and
inverse Mellin transforms M and M~!. The direct Mellin transform Mg
of a function ¢(t) of real variable ¢ € Ry is defined by

(Mg) (s) = / T ()t (s € ), (1.5)

and the inverse Mellin transform M~1g is given for € R, by the formula

c+i00
(M~Lg)() = — / r=g(s)ds (c=R(s)). (1.6)

270 Jeioo
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One may find properties of these Mellin transforms in the books [1] and
[10].

We use such an approach and the residue theory to establish explicit
solutions of equation (1.1) in terms of special cases of the generalized Wright
function , ¥, [z] and of the generalized hypergeometric function , Fy[z] as well
as in terms of the Euler psi-function [2, Section 1.7]

B I(2) _d
= = @lnf(z). (1.7)

The generalized Wright function ,V,[z] is defined for complex z,a;, b; €
C and real a;, 55 € R (0, 8 # 051 =1,2,...,p;5 = 1,2, ..., q) by the series

_ (a1, 01), s (ap, o) | ] o= TTiey Tlai + aik) 2%
e = ] (GG ) 2] < 2T T,

This function was introduced by Wright [11] and is called his name; see
[2, Section 4.1]. Wright [11}—[13] proved main terms of its asymptotic
expansions at infinity under the condition

q p
> B =) >l (1.9)
j=1 i=1

A

The special case of function (1.8) in the form

o0

Ny pe— L (o
Ji(z) = 0\111[ (v+1,p) | Z] B l;) D(pk+v+1) k! (1.10)

is known as the Besel-Maitland function, or the Wright generalized Bessel
function; see [6, p. 352] and [7, (8.3)]. Whenv = 3 —1, p = « and z is
replaced by —z, the function J§ ,(—z) is denoted by ¢(a, 3; 2):

k

— Ja _ . 1 z
oo, Br2) = J§_1(—2) = kzzor(a’f T (1.11)

and such a function is known as the Wright function; see [3, Section 18.1].

Conditions for the existence of the generalized Wright function (1.8)
together with its representations in terms of the Mellin-Barnes integrals
and of the so-called H-functions were established in [4]. In particular, it was
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proved that ,V¥,[z] is an entire function of z € C provided that condition
(1.9) is valid.

The generalized hypergeometric function ,F,[z] is defined for z € C and
a;,b; € C, bj #0 (i =1,2,...,p; j =1,...,q) by the series [2, 4.1(1)]:

_ Ay, ..., Qp = ap)k 2F
pFylz] = qu[ bj, | ] Zo q)k: B (1.12)

Here (2)j is the Pochhammer symbol defined for complex z € C and non-
negative integer n € Ny = N U {0} by

(2)o=1, (2)k=2(2+1)---(z+k—-1) (keN).

It is known (see, for example, [2, Section 4.1]) that the series (1.12) converges
absolutely for any z € C if p < ¢, while if p = ¢+ 1, for |2| < 1 and |z] = 1,

q p
> b= ai | >0. (1.13)
j=1 i=1

Note that when o; = 85 =1 (1 = 1,...,p; j = 1,...,q), the generalized
Wright function (1.8) coincides, apart from a multiplicative factor, with the
generalized hypergeometric function (1.12):

1 (a1,1), .., (ap, 1) 1 ai, ..., ap
7 T(a) ‘I’[ (br 1)y (5ge 1) |7 ]— T F[bl,...,b | ]

Our investigations are based on the results from [5, Section 5.4.1], where
a general approach based on the Mellin transforms (1.5) and (1.6) was de-
velop to solution of the equation

3 Bya®th (D3+ky) () = f(z) (z>0;a>0)

k=0

with real By € R (k = 0,1,...,m). In particular, it was proved that the
explicit solutions of the equation

2t (DY) (2) + Az (D) (z) = f(z) (2> 0; a > 0) (1.14)

with real A € R are expressed in terms of the generalized Wright function
1¥2[z] and ¥(z) [5, Section 5.4.3].
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Note that Podlubny [8, Section 6.1] indicated that the Mellin transform
(1.5) can be applied to obtaining explicit solution of the Cauchy-type prob-
lem for equation of the form (1.14) (with A = 1 and 0 < a < 1) in which
the right-sided fractional derivatives D"y and D%y are replaced by the
left-hand sided ones Dg‘jfly and D, y; see in this connection [5, Sections
5.1 and 5.4.2].

The paper is organized as follows. In Section 2, explicit solution of equa-
tion (1.1) is established in terms of the direct and inverse Mellin transforms
(1.5) and (1.6). In Section 3 the obtained explicit solutions are expressed via
generalized Wright function (1.8), generalized hypergeometric series (1.12)
and the Euler psi-function (1.7). Section 4 deals with solution of equation
(1.1) in special cases. Solutions of ordinary differential equation (1.4) are
presented in Section 5. Examples are given in Section 6.

2. Solution in terms of direct and inverse
Mellin transforms

The Mellin transform method for solving equation (1.1) is based on the

relation
I'(s+a+k)

I'(s)
being valid for suitable function y(z); see [9, Section 7.3].

Applying the Mellin transform (1.5) to (1.1) and taking (2.1) into ac-
count, we have

(MatkDeEy ) (s) = (My)(s) (2.1)

I(s+a+2) I'(s+ ) I(s+a+1) B .
or R T T D ) (s) = (M) )
(2.2)
Using the relation
I(z+1)=2I'(2) (2€C) (2.3)
for the Euler gamma-function I'(z) [2, 1.2(1)], we rewrite (2.2) as
Fa(s)(My)(s) = (Mf)(s), (2.4)
P,(s) = F(;:;)a) [65% + (6 + p + 260)s + 6a® + (5 + p)a + A .

Applying the inverse Mellin transform (1.6) to (2.4) and using the equality
M7IMf = f, being valid for suitable f, we derive the solution of (1.1) in
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the form

o) = (7 |29 ) o). (25)

Now we introduce the function

o= (o [

) <M_1 [@82 + 0+ p+ 200)s +§§3)+ (6 -+ wa+ NI (s +a>]> @

(2.6)
Let 6 # 0 and let s1, so be the roots of the equation
652 4 (6 4 pu 4+ 260)s 4+ da® 4 (6 + p)a + X = 0, (2.7)
given by
-6 —p—20a VD
S12 = K 2504 \F, D = (6 + p+26a)? —45[6a> 4 (6 + p)a + M.
(2.8)
Then

682 + (8 + p +20Q)s + 60 + (6 + p)a + X = 6(s — s1)(s — 52)
and (2.6) is represented as

Gosone) = (M e s ) @ 29

Applying the modified Mellin convolution property

X

(M [T&(5) 107 ) (9 = MBS M1

with K(z) = Ga.s,1(x), we present solution (2.5) in the form

y(x) :/Ooo Goispn (%) f(t)%. (2.10)

Now we show that Gq;s5,x(x) =0 for x > 1. By (2.9) we have

(MG1) (s) (MG2) (s)

7| =

(MGa; (5,/17/\) (5) =
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where

I'(s) 1
['(s+a) § (MG2) (s) = (s —s1)(s—s2)

(MG1) (s) =

The direct application of the Mellin transform (1.5) leads to the follow-
ing relations:

a—1
L , O0<zo<l,
Gi(a) = { w0 (2.11)

Go(z) = (s1 # s2) (2.12)

1 _ _
81_82(93 SL_gm%2) | O<zx<l,
0, z>1;

—x % ]og(z) , O<x<1,

GQ(x):{ 0, z>1

Then, according to the Mellin convolution property

(51 = 52). (213)

(M [T5(5) 10 ) 9= MK) () (44 0)

with K(z) = G1(z) and f(z) = Ga(z), we have

Ga;sun(T) 2/0 G1< )Gz( )Cit

and it follows from (2.11) — (2.13) that G542 (z) = 0 for z > 1.
Hence (2.10) yields the solution of equation (1.1):

t

/ oo ( >f(a;t)cit, (2.15)

where according to (1.6) and (2.9)

_ /:o Gaion (%) e (2.14)

or

1 c+ioco F(S)

Y _ '
216 Joioo (s +a)(s—s1)(s — 82)1’ s (c=R(s))

(2.16)
By analogy with ordinary differential equations, Gg;s () can be called

the Mellin fractional analogue of the Green function.

Ga; 6.\ (r) =
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It is directly verified that y(x) in (2.14) is a particular solution of equa-
tion (1.1).

We evaluate the integral in (2.16) by using the residue theory. It is
known (see, for example, [2, Section 1.1]) that I'(s) is analytic in C except

simple poles s = —n (n € N) with the residue (_nl!)n, and
(="
Therefore the integrand in the right-hand side of (2.16)
r
g(s) = (5) x° (2.18)

[(s+ a)(s—s1)(s — s2)
for any fixed x # 0 is analytic function of s except simple poles s = s1, s =
sy and s = —n (n € Ny). Therefore G5, () in (2.16) will have different
values in the following 5 cases:

Case 1. s1 # s9 # —k for any k € Ny.

Case 2. s1 = s9 # —k for any k € Ny.

Case 3. There exists ng € Ny, such that s1 # s3, $1 = —ng.
Case 4. There exists ng € Ny, such that s; # s2, s9 = —ng.
Case 5. There exists ng € Ny, such that s; = s9 = —ny.

Further we show that G, 5, (%) is expressed in terms of special cases
of the generalized Wright function (1.8), of the generalized hypergeometric
function (1.12) and of the Euler psi function (1.7).

We need preliminary assertion giving conditions for the existence of
p¥q[2] proved in [4, Theorem 2J; see also [5, Theorem 1.5].

LEMMA 1. Let a;,b; € C and a;,5; € R (i =1,...,p, j =1,...,q), let
A be given by (1.9) and let

p q q p
6 =TTlad > TT181%, 1w=3"b =D a+ 252 (2.19)
i=1 j=1 i=1

j=1
(i) If A > —1, then the series in (1.8) is absolutely convergent for all

z e C.

(i) If A = —1, then the series in (1.8) is absolutely convergent for
2| <6 and |z| =6, R(p) > 3.
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3. Solutions in terms of special functions

The first result yields the explicit solution of equation (1.1) in Case 1.

THEOREM 1. Let a > 0 and 6, A\, u € C (6 # 0) and let roots si, sy in
(2.8) be such that s; # sa # —k for any k € Ny. Then

_1 (S 71),(5 71)
Gos s (@)= 2‘113[(041, 1), (231+1, 1), (s2+1, 1)’ _w]

L1 {F(sl)x‘sl F(S2)$_32] (3.1)

5(s1 — s2)| T(si+a) T(sy+a)
_ 1 1—a,s1,s92 ‘
 ds1890(a) 2 s 41,89+ 1

1 L(s1) _ L‘Sz)gf‘”
+5(31 — 52) [F(Sl + a)m I'(s2 + ) ] . o

The particular solution y(x) of equation (1.1) is given by (2.14) and (2.15)
provided that the integrals in the right-hand sides of (2.14) and (2.15) are
convergent.

P r o o f. By the conditions of the theorem s = s1, s = s9 and s =
—k (k € Np) are simple poles of the integrand (2.18) in (2.16) and they do
not coincide. If we choose ¢ > max[R(s1), R(s2), a], then applying the usual
technique for evaluating the Mellin-Barnes integral in (2.16) (for example,
see [2, Section 2.1.3]), and taking (2.17) into account we have

1 oo
Go; su() = 5 Z ress——g(S) + ress—s, g(s) + ress—s,9(s)

k=0
(s —l— k) (s)x—* 1 . (s —s1))(s)z™*
Z 5— — kF (s 4+ a)(s—s1)(s — s2) +5 slirlsl1f(s +a)(s —s1)(s — s2)
(s — s9)D(s)x™ S (=1)Fa*
g SILSZF(S +a)(s—s1)(s — s2) ~ 6 kz —51)(—k — so)T'(cx — k)
+ Llst sy L(s2) —s2 (3.3)
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Using the relation (2.3), we find

1 s 51 + k)T (s2 + k) (—z)F
Go (@ e [(s1+1+k)T(s2+1+k)k!
1 F(Sl) —51 F(SQ) 152
+6[(51—82)F(s1+a)x (s1—s2)T'(s2+0) 4

This yields (3.1) in accordance with (1.8). The constants in (1.9) and (2.19)
take the forms

Az—l,&zl,ﬂza—l—g. (3.5)

Therefore the function Ws[—x] exists by Lemma 1(ii).
Using the formulas

1 (—DF(1 — a)y
= C, keN 3.6
F(a — k) F(Oz) (Ct cq, € 0)7 ( )
F(z+k)=T(2)(2)r (2€C, keNy), (3.7)
from (3.4) we deduce (3.2). By (1.13), the function 3F» in (3.2) exists. Thus
the theorem is proved. ]

Next statement yields explicit solution y(x) of equation (1.1) in case 2.

THEOREM 2. Let o > 0 and §, A\, u € C (§ # 0) and let roots s1, sy in
(2.8) be such that s; = sa # —k for any k € Ny. Then

(s1,1), (s1,1)
Gos () = 52\1/ {(a 1), (131+1 1), (sl+1,1)’ _”“’]
[(sp)x™*
5r(511 Ta) [th(s1) —t(s1+) —log(z)] (3.8)
1 1—a,s1,s
B mgFQ [ 81+1,311—|}1| 3:]
TG
5F(81 +Oé)

The particular solution y(x) of equation (1.1) is given by (2.14) and (2.15)
provided that the integrals in the right-hand sides of (2.14) and (2.15) are
convergent.

z (1) — (81 + @) — log(z)]. (3.9)
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P r o o f. By conditions of the theorem, the integrand (2.18) in (2.16)
has a pole of second order at s = s;1 = s9 and simple poles at s = —k for
k € Ny. If we choose ¢ > max[R(s1), ], then similarly to (3.3) and (3.4) we
have

1
Ga; O, ($) = g [Z ress:—kg(s) + ress=s, g(S)]

k=0
1 > (—1)kzk ) L(s)z=%\’
- 5[0 kl(—k — 51)2T (o — k) +315?1<r(5 + a)>
*(s1 + k) (—a)* I"(s1) g
6Zk'F2 (s1+1+kD(a—Fk)  o0(s1 +a)

I(s)M(s1+a) o T(s1)
oI%(s1 + ) 1+a)

ol (s
According to (1.7) and (1.8), this yields (3.8). (3.9) is deduced from (3.8).
By the proof of Theorem 1, 2W3[—z] in (3.8) and 3F% in (3.9) exist. This

—————1 " log(x). (3.10)

completes the proof of Theorem 2. [
Let
n
dap=0 (n=-1,-2,.). (3.11)
k=0

Now we obtain the particular solution y(z) of equation (1.1) in case 3.

THEOREM 3. Let a > 0 and §,\,u € C (6 # 0) and let roots s; and
s9 in (2.8) be such that there exists ng € Ny such that s; # s2, $1 = —ny.
Then

no—1
- (-1)fet Dep) _a~
Go; 5. (T) =3 Z El(k —ng)(k+ so)l(a— k) 0T(s2 + ) (52 + ng)

i(_1)no+l$no+l 30, (1a1)7(171)7(n0 +1 +3271) |
(2,1),(no +2,1), (no+2+s2,1), (¢—mp—1,—1)

| 5 —x
(—1)mogno R e
no!d(no+s2)I'(a—ng) 7+ pla—no) - ng-+s2 + JZ:(:) j—ng + log(z)
(3.12)
17! (—1)kak ['(s2) xT2
5 kZ:D E'(k —mno)(k +s2)T(a— k)  6T(s2 + ) (s2 + ng)
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(—1)no+lgno+l 1,1, 14+ ng+s9, 2+ng—a| .
5F(n0+2)F(a—no—1)(52+n0+1)4 1 2,n0+2,24 ng + s2
1 ]
(1) g
+ Y(a—ng) — + - + log(x
no!d(ng+s2)I'(e—nog) (e 0) no+s2 jzo J—"o 5(z)
(3.13)

The particular solution y(x) of equation (1.1) is given by (2.14) and (2.15)
provided that the integrals in the right-hand sides of (2.14) and (2.15) are
convergent.

P r o o f. By conditions of the theorem, the integrand (2.18) in (2.16)
has a pole of second order at s = s; = —ng and simple poles at s = —k (k €
No, k # ng) and if we choose ¢ > max[—ng, R(s2)], then similarly to (3.3)
and (3.10) we have

1 o
Ga; é,u,)\(x) = g Z ressz,kg(S) + ress:31:—nog<3> + 1"688:529(8)
k=0, k#ng

1 (=1)*a* (s —51)*T(s)z—* '
5, OZI# Rk — no)(k + s)T(a — k) 6 o <(s —s1)(s — s2)T(s + a))

[(s9)x™*2
0l (s + «)(s2 + no) ’
Evaluate the second term in the right-hand side of (3.14):

N o(< TR >>/

s—81=—n 3—31)(8—82)F(3+C¥

(3.14)

— lim D(s+mng+1)z* !
_sl—no< (s—s2)s(s+ 1)...(8+n0—1)F(s+a))
— lim (s +mo + a7

s——no (s—s2)s(s 4+ 1)...(s+no—1)I'(s+«)

I'(s +np+ 1)z~ log(z)
)s(s+1)...(s+no— 1T (s4«)
~ tim T(s+mno+ DIV(s+a)z™*

s——no (s—82)8(s + 1)...(s+no— 1) (s+a)

— lim
s——no (§—82
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. I(s+mng+1)x™*
— lim
s——no (s—52)2s(s + 1)...(s+np—1)I'(s+«)

—S no— 1
Ctm I'(s+mno+1)x Z] =0 S+]

s——no (s —s2)s(s+1)...(s + no — 1)['(s + )

(~1)rogmo S

1 1
N (no+s2) - no!l'(a—no) {7+¢(an0)n0+82 * ; J—no +10g(33)] '

Substituting this result in (3.14) and taking (3.11) into account, we find

ad (—1)kak [(s9)z—*2
Ga;
S\ (@ zk: k —ng) k‘—|—82) (—k) = OL(s2 4+ a)(s2 + ng)
np—1
(—1)mogmo — 1
—ng)— 1 .
+(5(n0+52) -no!l(a—nyp) 7+ d(a=no) no+s2 + jzz:o Jj—mno +log(z)
(3.15)
For the first sum in the right-hand side of (3.15) we have
3 (=1)kat —Z (=1)kat
My E'(k —no)(k + s2)I'(a—k) E'(k —no)(k + s2)T'(a—k)
S QI S (-1t
P +1k‘(k —ng)(k + s2)I'(a—k) — EY(k —no)(k + s2)I'(a—k)
> (—1)notiH grotl no—1 (—1)kzk
+jz_;(n0—|—j+1) (14 5) (hoj+14s9)T (a—ng—j—1) k! (k—mno)(k+s2)T(a—k)
_’_(_1)710-&-11,710—&-100 F(1+J) (1—|-j)r(n0+j—|—1+32)(—$)j )
—j'T(2+))T (no+7+2)L(no+j+s2+2)(a—no—1-7)

(3.16)

Substituting this expression into (3.15), we obtain

(—1)ka” [(sg)x™*

G (@) sk ozkikwk—no)(m@) (@ 8) " 5T(sa + a)(s2 + o)
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L Epmtanetes U1+ )T+ j)T(no +j + 1 4 s9) ()
6 T2+ (no+j+2)L (no+j+s2+2)I(@—no—1-j)
1
(—1)"ogm0 1 1
+U(a—ng)— + - +log(x
d(no + s2) - no!T'(a — ng) 7Yl 0) no-+s9 Z;j—no &(z)
(3.17)

This yields (3.12) in accordance with (1.8). The constants in (1.9) and
(2.19) take the forms (3.5), and by Lemma 1(ii) the function 3W4[—z] in
(3.12) exists.

The second formula (3.13) follow from (3.17) if we take (3.6) and (3.7)
into account. By (1.13), the function 4F3 in (3.13) exists. Thus Theorem 3
is proved. |

The following assertion, presented case 4, is proved similarly to Theorem
3 by rearranging s; and ss.

THEOREM 4. Let o > 0 and §, A\, u € C (§ # 0) and let roots s1, sy in
(2.8) be such that there exists ng € Ny such that sy # s9, s = —ng. Then

no 1 k k —s
1 I'(s x5t
G Z G L TG
TS El(k —no)(k + s1)T(a— k) 00 (s1 + ) (s1+ no)
+( 1)n0+1 no+1 ( ) )7( ) (n0+1+5171) ’ —x
) 2,1),(np+2,1), (no+2+s1,1), (¢—no—1,—-1)
(-1) "O:L"”O 1l |
(o — +y
np!d(no + s1)I'(a — ng Y+l —no)= no + S1 Jz; 7 —ng og(x)
(3.18)
1%2:1 (—1)*a* ['(s1) r
) El(k —no)(k+s)I'(a— k)  0(s1 + «) (s1+ no)
(_1)n0+1$n0+1 17 1, 1 + n(] + 5172 + n(] _ Oé‘ .
(5F(no+2)F(a—no—1)(51+n0+1)4 31 2,0+ 2,24 ng + 51
no—1
(—1)mogno 1 - 1
+9(a —no)— + . +lo
no!d(no + s1)I'(a — ng) Y H(a = no) no + S1 Z; j—mo &(@)
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The particular solution y(x) of equation (1.1) is given by (2.14) and (2.15)
provided that the integrals in the right-hand sides of (2.14) and (2.15) are
convergent.

The last result yields the particular solution y(x) of equation (1.1) in
case 9.

THEOREM 5. Let o > 0 and §, A\, u € C (§ # 0) and let roots s1, sg in
(2.8) be such that there exists ng € Ny such that sy = sy = —ng. Then

no— 1 k. .k
1 (—1)Fx
Gy spur(e)= ) kzo El(no—k)?T'(a—k)

(—1)notigno+l (1,1),(1,1),(1,1)
+f3\1’4 (2,1)7(2,1),(no+2,1)7(a_n0_17_1i—x
(1)
25n0'F(a — 77,0)
2
no—1 no—1
X +Y(a—ng)+ 4+ (1 (v —ng)+ no
Y+( O)]go ” P'(1)— 0 Z]no
(=1 KU
_ - TLol
(5710!F(Oé—n0) '7+77Z1(Oé n0)+jgo j—no €z Og(l')
(_l)nO no 2
F 2onolT(a — o)~ 108 (@) (3.20)
B 177321 (_1)kxk (_1)no+1xn0+1 17 1’ 172 O[—}—TLO‘
6 £ kl(ng—k)2T(a—k)  o0(ng+2)l(a—no—1) "7 2,2,m +2
(-1
20no!T' (a0 — o)
2
’rLofl no— 1
X ”y—i-w(a—no)—i—z ji + ¢ (1) =" (a—ng +Z )2 no
j=0
no—1
-1y o .
dng!T' (o — np) taRdC ”OHJZ "o log(z)
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(-1
_I_

25n0!F(a — no)

The particular solution y(x) of equation (1.1) is given by (2.14) and (2.15)

provided that the integrals in the right-hand sides of (2.14) and (2.15) are
convergent.

2™ log?(z). (3.21)

P r o o f. By conditions of the theorem, the integrand (2.18) in (2.16)
has a pole of third order at s = s1 = s = —ng and simple poles at s =
—k (k € No, k # ngp). If we choose ¢ > «, then similarly to (3.3), (3.11) and
(3.14) we have

1 o0
Go; su)(2) = 3 Z ress— 1 g(s) + ress——n,9(s)
k=0,k#ngo

(_l)kxk 1 N PR I(s) - "
o, _ (%énokl(no—k)ﬁ(a k) T 95 [( 1) (5—51)2T (s 1) ]
1 & (—1)Fak +{ o [(s+no+1)z }//
El(ng — k)2T(a—k)  2§|s—-no s(s+ 1)...(s+ng—1)'(s+a)|
(3.22)

The first term in the right-hand side is divided by two, as it was done in
the proof of Theorem 3; see (3.16). For the second term in (3.22) the direct
evaluation yields:

=0,k#no

) I(s+mng+1)x™* "
lim
s——no [ S(s+1)...(s +np — DI'(s+a)

_ (=D
no!T'(a — ngp)
no—1 1 2 no—1L
X +Y(a—ng)+ . +1 (v—ng)+ "o
retasm)t 3 | ) ) Z]_no
2(—1)m0 g
— no |
T T EARCRE RS D F
7=0
_1)n0
(=1) " log?(z). (3.23)

no!T' (o — ng)
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Substituting (3.23) into (3.22) and taking (3.16) and (1.8) into account,
we obtain (3.20). The constants in (1.9) and (2.19) are given by (3.5), and
thus the function 3W4[—z] in (3.20) exists. The second relation (3.21) follows
from the first (3.20) if we take (3.6) and (3.7) into account. By (1.13), the
function 4 F3 in (3.21) exists. This completes the proof of Theorem 5. [

REMARK 1. The generalized hypergeometric function 3 F5[z] in (3.2) can
be expressed via the Gauss hypergeometric functions o F[z]: for s; # so

1—a, s1, 59 S9 1—a, s S1 1—a, s9
F =< LF — F .
i 2[51+1,s2+1| m] sa—s1 > 1[514—1 |x] s2—s1° 1[$2+1 |4

4. Special cases
First consider equation (1.1) with 6 =0, p#0, A #0:
patt (Df”'ly) (x) + Aa® (ny) () = f(x) (z>0). (4.1)

In this case (2.16) and (2.7)—(2.8) take the forms

1 ertico I(s)z™* B
Gz (@) = 27i /C_m (s + pa + AT (s + ) ds (c=R(s)),  (42)
s + po+ A =0, (4.3)
A
s1=—a— o (4.4)
and then (2.14) and (2.15) transform to:

Oo d
va) = [ Gor (7) 10T (4.5)

o° d
y(x) = /1 Gy <1> Fan . (4.6)

It is directly verified that y(z) in (4.5) is a particular solution of equation
(4.1). It have different forms in two cases:

(i) A # p(n — «) for any n € Ny;
(ii) there exists ng € Ny such that A = p(no — ).

Using (4.2)—(4.6) and taking the same arguments as in proofs of Theo-
rems 1-5 in Section 3, we deduce the following results.
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THEOREM 6. Let a > 0 and pu,A € C (u # 0,\ # 0) be such that
A # u(n — «) for any n € Ng. Then

I'(—a—2 o —
Ga;”’)\($) — an+% _ 1\112 ( Ho A,,U)

ul(=2) (o, —1), (1 = pov — )HH)’ —xl, (47)

and the particular solution y(x) of equation (4.1) is given by (4.5) and (4.6)
provided that the integrals in the right-hand sides of (4.5) and (4.6) are
convergent.

THEOREM 7. Let a > 0 and pu, A € C (u # 0,\ # 0) such that there
exists ng € Ny such that A = u(ng — «). Then

G Zk'no— E) (o — k)
+(_1)noxno+1 (17 1)7 (17 1) ’ .
20 (TLO—|—2,1),(2,1),(0[—71,0—1,—1)
__(=hmeam +¢(a—n Z + log(z) (4.8)
no!ul’ (o — ng) 7 0) — J—no gl )
1 z‘: (—1)Fak (—1)rognotl P 1,1,2—a+n0| .
1 no—k)T(a—k)  pI(no+2)L(a—ng—1) * 2| no+2,2
no—1
(—1)nogno o 1
—— = |Y+¥(a—np)+ , +log(z) | . 4.9
e gy |7 Vo) X s (49)

The particular solution y(z) of equation (4.1) is given by (4.5) and (4.6)
provided that the integrals in the right-hand sides of (4.5) and (4.6) are
convergent.

REMARK 2. For A = 1 results of Theorems 6 and 7 were proved in [5,
Theorems 5.20 and 5.21].

Next consider equation (1.1) with A =0, #0, u #0:

5202 (DY) () + pa® ™ (DT ly) (2) = f(z) (x> 0). (4.10)
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Here (2.16) and (2.7)—(2.8) take the forms

1 c+i00 F(s)x_s
Ga;&,u(x) = Tm oo [53 +u+o+ aé]F(S Ta+ 1) S (C = %(s)%
(4.11)
0s+pu+d+ad=0, (4.12)
51 :—1—04—%, (4.13)
while (2.14) and (2.15) transform to

o x dt
y(x) :/x Gasopu (;) O (4.14)

> 1 dt
y(x) = /1 Ga;é,u <t> f(xt)T (415)

It is directly verified that y(z) in (4.14) is a particular solution of equa-
tion (4.10). It have different forms in two cases:

(i) p # 6(n — 1 — «) for any n € Ny;

(ii) there exists ng € Ny such that = d(no — 1 — ).

Using (4.8)—(4.12) and taking the same arguments as in the proofs of
Theorems 1-5, we deduce the following assertion.

THEOREM 8. Let a« > 0 and \,u € C (X # 0, # 0) be such that
w#0(n—1—a) for any n € Ng. Then
_F(—l—a—%) THatl (—(S—OZCS—,[L,(S)
Gosonl) =5 my vt 2l (041, —1), (—0—ad—pt1,8)
(4.16)
and the particular solution y(z) of equation (4.10) is given by (4.14) and
(4.15) provided that the integrals in the right-hand sides of (4.14) and (4.15)
are convergent.

THEOREM 9. Let > 0 and A\, u € C (XA # 0, # 0) be such that there
exists ng € Ny such that u = §(ng — 1 — «). Then

x|,

1n071 (_1)k$k
Ga; 5,#(:6) - g ;} k'(no — k‘)F(O&‘i‘l—k)
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(_1)7101:710 no—1 1
- 1- 1 4.1
noldT(a +1—ng) |7 TVt —mo)+ JZ:; T Tlog(@) | (417)
_ 171021 (=1)ra* Lo Eymantt L L g —a
© 8 & Kno—k)T(a+1-k) 6T (no+2)T(a—no) 2| ng+2,2
no—1
(_1)n0xno 0 1
- 1- 1 . (418
no!éT(a + 1 — ng) v+ Plat ”0>+;j_no+ og(z) | . (4.18)

The particular solution y(x) of equation (4.10) is given by (4.14) and (4.15)
provided that the integrals in the right-hand sides of (4.14) and (4.15) are
convergent.

5. Ordinary differential equations

If « = m € N, then in accordance with (1.3), formulas (2.14) and (2.15)
give explicit solutions of the ordinary differential equation (1.4) in the form

y(z) = /x " Gonsn (%) f(t)% (m € N), (5.1)
y(z) = /100 G 5,10 <1> f(:ct)% (m € N), (5.2)

where according to (2.16) and (2.8)

(_1)m c+1i00 F(S)[B*S
2700 Jo—joo L'(s+m)(s—51)(s—52)

ds (c=%R(s), meN),
(5.3)

Gm; O, A (J}) =

2 1 + (—-1)"vD
m++u ( )\/>,D:

5 55 (6420m—p)? —48[6m>+ (5 —p)m4+N].

(5.4)

81,2 =

By (2.17), for m € N and k € Np,

1 1 1

Tk~ m—k=1) # = O besm=l) g

=0 (k=m,m+1,...).
(5.5)

Using these relations and taking (1.8) into account, from Theorems 1-5
we deduce the corresponding results for the ordinary differential equation
(1.4). The first two results follow from Theorems 1 and 2.
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THEOREM 10. Let m € N and §, A\, u € C (§ # 0) and let roots s; and
s9 in (5.4) be such that sy # sa # —k for any k € Ng. Then

()RS ! (=o)"
G V=5 2 (e, T R k1)1 A

0
-nm T r
+ ( ) (81) x_sl_ (82) x—SQ . (56)
d(s1—s2) [ T'(s1 +m) [(so+m)
The particular solution y(z) of equation (1.4) is given by (5.1) and (5.2)
provided that the integrals in the right-hand sides of (5.1) and (5.2) are

convergent.

THEOREM 11. Let m € N and §, A\, u € C (§ # 0) and let roots s; and
s9 in (5.4) be such that s; = s9 # —k for any k € Ny. Then

m—1
(=D™ 1 (=)
G, =
@)= kzzo (s1+k2(m—k—1) &l
("),
0l(s1 +m)
The particular solution y(z) of equation (1.4) is given by (5.1) and (5.2)
provided that the integrals in the right-hand sides of (5.1) and (5.2) are
convergent.

[1h(s1) — P(s1 +m) —log(z)]. (5.7)

Using the relation (3.15) with @« = m € N, from Theorems 3 and 4 we
obtain the following assertions.

THEOREM 12. Let m € N and 6, \,u € C (0 # 0) and let roots s; and
s9 in (5.4) be such that there exists ng € Ny such that s; # s2, $1 = —nyg.
Then

¢ RS 1) (—a)" (~)™D(s2) o~

mi s (%) =3 1 (k—no) k:+52)(m—k—1)! ST (sa+m) (sa+m0)
k=0,k£no
no—1
(_1)n0+mmn0 1 0
—ng)— 1

+5(n0+52)n0!F(m—no) Hp(m=no) n0+32+j§0 j—n0+0g(x)

(5.8)

The particular solution y(z) of equation (1.4) is given by (5.1) and (5.2)
provided that the integrals in the right-hand sides of (5.1) and (5.2) are
convergent.
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THEOREM 13. Let m € N, 0, \,u € C (§ # 0) and let roots sy, s2 in
(5.4) be such that there exists ng € Ng such that s; # sa, so = —ng. Then

Gm; 5, ()=

m—1 —1m—xk —1)Y"T'(s x5
5Zk!(()() (=1)"L(s1)

+
bt img B (k=m0) (k+s1)(m—k=1)! = 0T (s1+m) (s1+no)

-1
(_1)no+mxno 1 no
+ +(m —ng)— + . +log(x
d(no+s1)no!l(m—nyg) v 0) ng+s1 jgo j—ng &(@)

(5.9)
The particular solution y(z) of equation (1.4) is given by (5.1) and (5.2)
provided that the integrals in the right-hand sides of (5.1) and (5.2) are

convergent.

The next assertion follows from Theorem 5, if we take into account the
relations (3.20) and (3.21) with o =m € N.

THEOREM 14. Let m € N, 0, A\, u € C (§ # 0) and let roots s and sg in
(5.4) be such that there exists ng € Ny such that s; = s = —ng. Then

RS ()
G 510 ()= k:(%énok!(no—k)ﬁ“(m—k)
(—1)notm
26m!T'(m — ng)

2

no—1 , , nol 1 no
x| [v+y(m—ng)+ jgo p—— +¢'(1) =y’ (m — ”0)+j§0 G—no)? r
Ly Y+(m — no)+noz_:1 . log()
dno!T(m — ng) =0 J—n
(=1)rotm 2" log?(z). (5.10)

20mo!T'(m — ng)

The particular solution y(z) of equation (1.4) is given by (5.1) and (5.2)
provided that the integrals in the right-hand sides of (5.1) and (5.2) are
convergent.
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Next, consider special cases of equation (1.4) with 6 =0 and A = 0:
pa™ iy () 4 Ay M (2) = f(2) (2> 0; meN) (5.11)
and
Sz 2y mF2) (1) 4 ™y (1) = f(z) (2 >0; meN).  (512)

Solutions (4.5), (4.6) and (4.14), (4.15) take the respective forms

y(x) = /:O Gm; (%) f(t)%, (5.13)

o) = [ G () 10, (5.14)
and

va) = [ Gus (5) 1O (515)

o) = [ s (1) 10 (5.16)

Using (5.5) and (1.8), from Theorems 6 and 7 we deduce the correspond-
ing results for equation (5.11).

THEOREM 15. Let m € N and pu,\ € C (u # 0, A # 0) be such that
A # pu(m —n) for any n € Ng. Then

Gm;u,/\(f)
=)™ = m) s ol (—x)*
i) =) kzo Kl(m — k — D)1k — pm + A)

(5.17)
The particular solution y(x) of equation (5.11) is given by (5.13) and (5.14)
provided that the integrals in the right-hand sides of (5.13) and (5.14) are
convergent.

THEOREM 16. Let m € N and pu,\ € C (u # 0, A # 0) be such that
there exists ng € Ng such that A\ = u(m — ng). Then

(~D)m = (—a)"

Gm;,u,)\(x): L k'(no — k‘)(m — k- 1)'

k=0,k#ng



228 A.A. Kilbas, N.V. Zhukovskaya

(_1)no+mxno no—1

YHp(m—no)+ >
=0

+log(x) | . (5.18)

no!ul’(m — np) j—ng

The particular solution y(x) of equation (5.11) is given by (5.13) and (5.14)
provided that the integrals in the right-hand sides of (5.13) and (5.14) are
convergent.

Similarly, by (5.5) and (1.8), Theorems 8 and 9 yield the corresponding
results for equation (5.12).

THEOREM 17. Let m € N and \,u € C (A # 0, # 0) be such that
w# 0(m+1—n) for any n € Ng. Then

G, O, (v)

1= 123 m _\k
F( I-m+ J)xmf%+l_(_1)mz ( l‘) )
prd El(m — k)!(6k — 0m — 6 + p)
(5.19)
The particular solution y(x) of equation (5.12) is given by (5.15) and (5.16)
provided that the integrals in the right-hand sides of (5.15) and (5.16) are

convergent.

THEOREM 18. Let m € N A\ju € C (A # 0, # 0) be such that there
exists ng € Ny such that p = 6(m + 1 —ng). Then

_1ym M —l’k
Gm;(s,u(x):( 1) Z ( )

— (1"

| — — k!
0 k:o,kyénok'(no k)(m — k)!
ng—1
(_1)n0+mxno 0
1— 1 . 2
ol F 1) v+ (m+ n0)+zjin0+ og(z) (5.20)

=0
The particular solution y(x) of equation (5.12) is given by (5.15) and (5.16)

provided that the integrals in the right-hand sides of (5.15) and (5.16) are
convergent.

Finally, we note that the results of Theorems 10 and 11 stay true for
limiting case of equation (1.4) with o = 0:

da?y" (x) + pzy' (x) + My(z) = f(z) (x> 0). (5.21)
In this case relations (5.1)—(5.4) take the forms

o) = [ Goun (7) 10T (522)

t t’
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° 1 dt
y(z) = /1 G, (t> flat)—, (5.23)
1 c+i00 1 .
Gé,#,)\(x) - m i (8 — 81)(8 — Sg)x ds (C - éR(S))?
S12 = W, D = (8 —p)? — 45\ (5.24)

Then Theorems 10 and 11 yield the following results.

THEOREM 19. Let §, A\, u € C (6 # 0) and let roots s; and sy in (5.24)
be such that s1 # s3. Then

Gspux(x)= ! )[x_sl — 7%, (5.25)

5(81 — S92

The particular solution y(x) of equation (5.21) is given by (5.22) and (5.23)
provided that the integrals in the right-hand sides of (5.22) and (5.23) are
convergent.

THEOREM 20. Let §, A\, u € C (0 # 0)and let roots s; and sz in (5.24)
coincide: s1 = so. Then

1
Gspun(w)= — 2~ log(z). (5.26)
The particular solution y(x) of equation (5.21) is given by (5.22) and (5.23)

provided that the integrals in the right-hand sides of (5.22) and (5.23) are
convergent.

REMARK 3. The results of Theorems 15 and 17 stay true in the case
m = 0 of equations (5.11) and (5.12):

pzy' () + Ay(z) = f(z), 62y (x) + pay'(x) = f(z) (x> 0),

respectively.

6. Examples

ExaMPLE 1. Consider equation (1.1) with o = % and 6 # 0 :

P <D3y> (@) (D%) (2)+ Az <Déy> (@) = f(@) (&> 0). (6.1)
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Here the roots s; and sz in (2.8) take the form

25— pu+VD
51,2 = 2

If 51 # s9 # —k for any k € Ny, then by Theorem 1

1 (s1,1), (s2,1)
G%;fs )\({E) =520 [ (%17_1)7 (Si“‘ 1,1), (s2+ 1’1)| _x:|

, D= (264 p)? — 5(38 +2u + 4)).

X
I(s1+3) I(sy+ 3)
1 1 51,82 1

— 2521y
5ﬁ81823 2|:81+1,82—|-1‘ v +\/5

The particular solution of (6.1) is given by

v = [ 6y (5) 105 = [ 640 (3) 0% 63

EXAMPLE 2. Consider equation (4.1) with ao =

I(s1) [(s2) s

[(sy)z™ F(sz)afs?-l
D(s1+3)  T(sat+3)]|

D=

[V

iz (D%) () + Az <D5y> @)= f@) @>0).  (64)

By Theorem 6 and 7 if X\ # u(n — %) for any n € Ny, then

r(-4-

_ Aql n—= Aau)
G%QM,A(x) = MF(—A) e — 1\112[ (1 2 | —z|, (6.5)
m

DEE )’(1_%:“_)‘7:“’)

while if there exists ng € Ny such that A = u(ng — %), then

1”02_:1 (_1)kxk N (_1)noxn0+1

G a(7) = . Ok'(no—k)l‘(% k) “
(1,1), (1,1)
: 2\113[( 0+2,1),(2,1), () —np—1,-1) x]

no!ul (5 —70)

no 10 no—1
_(=h)meam |:ry—|—¢( —n0) 4y _1 +log(x)] : (6.6)
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The particular solution of (6.2) is given by

D= [0y (5 0F = [Topn(3) it 60

In particular, the equation

OJ\[\')

o (o) @ ot (Dhy) @ =10 @0 09

has the particular solution (6.7) with = 2, A =1 and

_3 3 (171)5 (]-a]-)
340~ 5 (1) 1) L, 1)
3a? 3\ 3 3 3z
- 22 - . (6.9
g )5 g ey 69
ExAMPLE 3. Consider equation (4.10) with a = 3
3
53 <D2 > () + p2 <D3y> () = f(z) (z>0). (6.10)
By Theorem 8 and 9, if u # 0(n — 1 — «) for any n € Ny,
(=3 —5) s4u (=35 — u,6)
275 _— 20 — My
Chion®) = =5p(cmy = T 2[ (30,30 10) T
(6.11)
while if there exists ng such that p = §(ng — 1 — «), then
TLO 1 k
ko
Cionl® 52 Kl(no — k F(g—k)
(_1)n0$n0+1 (17 1)a (la 1)
AP S / _
T et 2), @1), (3 —ne-1) °
(—1)rogno 3 (U | |
S 2 S S —— . 6.12
T oy |G ) 2 st |- (612

The particular solution of (6.10) is given by

y(:z:)z/:oG 5#(t>f(t>cit /IOOG;;M <1> f(:ct)% (6.13)
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In particular, the equation
2t (Dhy) @)+ (Dhy) @)= f@) @>0) G0
has the solution (6.13) with § = 2 and p = 1, where

1 1 x (1,1)
G%;m(x) <2F(§) F(%)+$32\1’3[ 2

.TJQ

4Ar(-3)

<fy—|—w(—;)—z+log(x)> . (6.15)

EXAMPLE 4. Consider equation (5.11) with m = 2:
pady" (@) + NPy (@) = f(z) (x> 0). (6.16)
By Theorems 15 and 16,

-2+ A) A 1 x
Go yr(z) = ———HL =t | - , 6.17
2,”':)\( ) MF(%) )\_2'“ )\—,LL ( )
if A\ # (2 —n) for any n € Ny, while
Gapr(@) =~ (0 ) +log(2)] (6.18)

if there exists ng € Ny such that A = p(2 — ng). The particular solution
y(x) of equation (6.16) is given by

/ qux dt / G2,m< >f( )Cff (6.19)

In particular, the equation

(@) + 52 (@) = f(@) (> 0) (6:20)

has the solution

y(z) = /:o Go1 (%) f(t)% - [Ta,.. <1) f(xt)%, (6.21)

() = —2ah + 62— 2. (6.22)
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